FACTORIZATION SYSTEMS ON co-CATEGORIES: UN/STRAIGHTENING AND MONADICITY

THORGER GEIf3

ABSTRACT. We prove two structural results about factorization systems on oco-categories. Firstly, we classify
factorization systems on the total spaces of a class of fibrations of co-categories in terms of factorization systems
on the base and the fibers. This will be interpreted as an un/straightening equivalence for co-categories equipped
with a factorization system, using Juran’s double co-categorical framework. Along the way, we develop the
general theory of lifting through faithful functors of n-uple co-categories. Secondly, we prove that the forgetful

functor from oco-categories equipped with a factorization system to co-categories is a monadic right adjoint.
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1. INTRODUCTION

A factorization system on a category C consists of two classes of morphisms in C—abusing notation due
to Barwick, we call these egressive and ingressive morphisms, denoted by — and ~—, respectively—such that
every morphism in C factors as an egressive morphism followed by an ingressive morphism and the two

classes are orthogonal, i.e. every lifting problem
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7
b

—
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admits a unique solution. In presence of the former condition, this is equivalent to the egressive-ingressive
factorizations being unique up to unique isomorphism.

Factorization systems are classical tools in category theory. In this paper, we study the homotopy-coherent
generalization of factorization systems, i.e. factorization systems on co-categories. These were already intro-
duced in the foundational work on co-categories of Joyal and Lurie ([Joy08], [Lur09b]) and enjoy a wide range
of applications spanning oco-topos theory ([ABFJ22]), algebraic patterns & operads ([CH21], [Lur17]), derived
homological algebra ([FL16], [FLM19]) or the general theory of (0o, n)-categories ([LMRSW24], [ORW26]).

The first question we study in this paper is the '(dis-)integration’ of factorization systems: given some sort
of 'fibration' p: £ — C, is it possible to characterize factorization systems on the total space £ in terms of
factorization systems on the base C and on the fibers &, ¢ € C, assuming compatibility with p? To this end,

we introduce the following class of fibrations of co-categories equipped with a factorization system.
1
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Definition (Definition 4.2). An ambifibration is a functor p: £T — CT of co-categories equipped with a fac-
torization system (i.e. it preserves both egressive and ingressive morphisms), which admits cocartesian resp.

cartesian lifts of egressive resp. ingressive morphisms, which are again egressive resp. ingressive.

In this context, we obtain the following theorem answering the previous question. It is proven by an explicit

construction, which unifies some constructions that are spread throughout the literature.

Theorem A (Theorem 4.7). Let C be an co-category equipped with a factorization system and p: € — C a
functor of co-categories, which admits cocartesian resp. cartesian lifts of egressive resp. ingressive morphisms.
Then the space of ambifibrations p': E' — CT lifting p is discrete and equivalent to the set of collections of
factorization systems on the fibers ., ¢ € C such that cocartesian resp. cartesian transport along egressive resp.

ingressive morphisms preserves egressive resp. ingressive morphisms in the fibers.

Our next goal is to interpret this as an un/straightening equivalence for co-categories equipped with a
factorization system. To state this, we will employ the double co-categorical framework of Juran [Jur25].
Recall that a double co-category is a homotopy-coherent categorical structure that comes equipped with two

types of morphisms, namely horizontal and vertical morphisms that have respective composition laws, as well

T

which can be composed both horizontally and vertically and satisfy an evident interchange law.

as 2-cells or squares, depicted as

O
—

=9

)

Every co-category equipped with a factorization system C' gives rise to a double co-category +(C') that
has the same objects as C, as horizontal resp. vertical morphisms the egressive resp. ingressive morphisms
in C' and as squares the appropriate commutative squares in C. Informally, this double co-category encodes

how to obtain the egressive-ingressive factorization of a morphism composed 'the wrong way'.

Theorem B (Un/Straightening for Factorization Systems, Theorem 5.10). Let C' be an co-category equipped

with a factorization system. Then there is a natural equivalence
Ambi(Ch)™ ~ Mapp ey (1(CT)V™°P, Facty,)

between the space of ambifibrations over CT and the mapping space of double functors 1(CT)"~°P — Facte,,

where Facty, is a certain double co-category of co-categories equipped with a factorization system.

The straightening of an ambifibration p: £ — C1 is, roughly, a double functor +(C")?~°P — Fact,, map-
ping ¢ — &L, the fiber of p over ¢, a horizontal resp. vertical morphism to the cocartesian resp. cartesian

transport along the corresponding egressive resp. ingressive morphism of C' and which acts on squares as

y —2 2 & 2 &l
fI f[ } lf/ lf
r 2 Y &l LN 5;,.

The component of the natural transformation in the right-hand oplax square at an object € &, is given by
the map g; f*x — f"*gsx in £ obtained by the universal properties of (co-)cartesian morphisms from the
composite f*x — = — gsx of a cartesian and a cocartesian morphism living over gf ~ f'¢’.

The proof of Theorem B proceeds by lifting the double co-categorical un/straightening equivalence of Juran

[Jur25, Theorem B] to co-categories equipped with a factorization system. To do so, we combine Theorem A
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with the following general theorem on lifting through faithful functors of n-uple co-categories, which may

be of independent interest.

Theorem C (Theorem 3.27). Let f: C — D be a faithful functor of n-uple co-categories. Then, for any functor

p: T — D of n-uple co-categories, the joint evaluation map

N[apnCatu%e (T’ C) = H (Cp(t) ):
/ [ emo(T=)

is an inclusion of discrete spaces. The image consists precisely of those families (ct)[yexy(7=) satisfying:

e Foreverye € {0,1}™\ {(0,...,0)} and g-cell a:: D= — T, its image f« together with the chosen lifts
of objects is contained in the full subspace Map,, i (DE, C) < Map, o, upie (D, D) X pe wan C%2",

Furthermore, if 1 < k < n and f: C — D is k-faithful, it suffices to check the above condition for those
e €40,1}"\ {(0,...,0)} such that |e| = k. IfC and D are (0o, n)-categories, it suffices to check the above
condition for ¢ of the form (1,...,1,0,...,0).

The second question we study concerns the forgetful functor p: Fact,, — Cats, from the co-category of
oo-categories equipped with a factorization system to that of co-categories. For (ordinary) categories, it is a
result of Korostenski-Tholen [KT93, Theorem B] that this functor is a monadic right adjoint; the associated

monad is Ar(—) with the multiplication given by composition. We extend this result to the present setting.
Theorem D (Theorem 6.6). The forgetful functor p: Facto, — Cats, of 0o-categories is a monadic right adjoint.

Outline. In Section 2, we briefly recall some aspects of factorization systems & double categories. In Section
3, we recall the general theory of Segal objects and prove the lifting criterion Theorem C. In Section 4, we carry
out the technical construction of ambifibrations, proving Theorem A. These inputs will be combined in Section
5 to prove the un/straightening equivalence Theorem B as well as the variant Theorem 5.15. Independently

of all the preceding sections, we prove Theorem D on monadicity in Section 6.

Conventions.

e The prefix 'co-' will be dropped henceforth, i.e. 'category' resp. '2-category' resp. 'double category’
always refers to co-category resp. (0o, 2)-category resp. double co-category.

o The (co-)category of spaces/(co-)groupoids will be referred to as the category of anima, denoted An.

e The (large) (0co-)category of (small) (co-)categories is denoted Cat.

e If C is an (co-)category and f: x — y a morphism in C, then post- resp. pre-composition with f will
be denoted f,: Map,(t, ) — Map,(t,y) resp. f°: Map,(y,t) — Map,(x,t) for any ¢t € C.

e If p: £ — C is a cocartesian resp. cartesian fibration of (co-categories) and f: x — y a morphism in
C, then we denote by f;: &, — &, resp. f*: £, — &, the cocartesian resp. cartesian transport.

e (0o-)categories are either named or generically denoted by caligraphic letters C, D, etc.

e (co-)categories that are equipped with a factorization system are denoted by a superscript (—).

o (00-)2-categories resp. double (co-)categories are denoted in boldface resp. blackboard boldface.
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2. FAcTORIZATION SYSTEMS AND DOUBLE CATEGORIES

Let C be a category. Recall that a factorization system on C consists of two equivalence-stable classes of
morphisms in C—abusing notation due to Barwick, we call these egressive and ingressive morphisms, denoted
by — and »—, respectively—such that every morphism in C factors as an egressive morphism followed by
an ingressive morphism and the two classes are orthogonal in the sense that, for any egressive morphism

f: a — band ingressive morphism g: z » y, the square of mapping anima

Map, (b ac) o, Map, (b, y)

T »

Mape(a, z) —— Mapc(a,y)

is cartesian. The wide subcategories of C spanned by the egressive resp. ingressive morphisms are denoted
Ceg resp. Cin. If f: a — b is any morphism such that the square (1) is cartesian for all ingressive morphisms
g: x — y, then f is egressive and vice versa, i.e. Cez and Cy, determine another [Lur09b, Proposition 5.2.8.11].

Furthermore, recall that the datum of a factorization system is equivalent to a fully faifthful section of the
composition map d; : Fun([2],C) — Fun([1],C) whose essential image consists of the diagrams of the form
x — y — z [Lur09b, Proposition 5.2.8.17]. In other words, the section fact: Fun([1],C) < Fun([2],C)
provides functorial egressive-ingressive factorizations. For general references on factorization systems, we
refer the reader to [ABFJ22, Section 3.1], [LMRSW24, Appendix B], [Hau25, Section 10.3], [BS25a].

Definition 2.1. Let Fact (resp. Fact®®, Fact™™) denote the full subcategory of Fun(A32, Cat) (resp. Fun([1], Cat))
on those diagrams Ce; < C <> Cj, of two wide monomorphisms classifying the subcategories of egressive
and ingressive morphisms in a factorization system on C (resp. those diagrams Ceg — C, Cin — C of a wide
monomorphism classifying the subcategory of egressive, ingressive morphisms in a factorization system on

C). There are canonical forgetful functors p: Fact — Cat and p°®: Fact®® — Cat resp. p'™: Fact™ — Cat.
Remark 2.2. The involution (—)°: Cat — Cat induces inverse equivalences (—)°P: Fact®® <— Fact": (—)°P.

Proposition 2.3. The forgetful functor p: Fact — Cat is conservative and faithful. For a category C, the fiber
p~Y(C) is discrete and equivalent to the set of factorization systems on C. The forgetful functors p®: Fact®® — Cat
resp. p™™: Fact™ — Cat are faithful and, for a category C, the fiber (p°8)~1(C) resp. (p™)~1(C) is the poset of

factorization systems on C, ordered by inclusion of egressive resp. ingressive morphisms, which are opposite.

Proof. The functors are faithful since factoring through a monomorphism is a condition, so the fibers are
posets in any case. In particular, the descriptions of the fibers of p°® resp. p™ are automatic and these partial
orders are opposite because Ceg C Cég is equivalent to C!, C Ci, by mutual orthogonality. Finally, these
inequalities together imply equality, hence the fibers of p are discrete and p is conservative. ]

Proposition 2.4. The restriction functors Fact — Fact®® resp. Fact — Fact™ are wide monomorphisms. In

particular, there are canonical equivalences (Fact®®)™ ~ Fact™ ~ (Fact")™,

Proof. These functors are also faithful by left cancellation, so it remains to observe they are essentially sur-
jective and iso-full. The former is immediate and the latter follows since an equivalence preserving egressive

morphisms automatically preserves ingressive morphisms (resp. vice versa) by mutual orthogonality. O
Proposition 2.5 ([CH21, Proposition 5.2]). The forgetful functor p: Fact — Cat creates small limits.

Proof. Tt suffices to show that the full subcategory Fact C Fun(A%, Cat) is stable under limits. The limit

in Fun(A%, Cat) of a diagram (Ce)eg — Co ¢ (Co)in in Fact consists again of two wide monomorphisms
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Ceg — C <= Cjin, because monomorphisms are stable under limits and (—)~ preserves limits. These two
wide subcategories are again orthogonal by taking the limit of the cartesian squares (1) as cartesian squares
are stable under limits and mapping anima in limits are limits of mapping anima. Finally, because egressive-
ingressive factorizations are unique up to contractible choice, they are coherently compatible with the diagram

and induce egressive-ingressive factorizations in C, hence (Ceg < C <= Ciy) € Fact. O
Remark 2.6. The same analysis also applies to filtered colimits in Fact.

Additionally, we take note of the adjunctions

(—)[ee™] (=)[in~"]

— = —

— (=)= — ()= ,
Cat <— p®s — Fact®s, Cat +—pi Fact™.
(—)f — — ()P

— ——

These are obtained by restrcting similar adjunctions between Cat and the category of marked categories.
Explicitly, for a category C, the factorization systems C” and C* are those in which all morphisms are ingressive
resp. egressive (the other class then necessarily consists of precisely the equivalences, by orthogonality) and

we call these the trivial factorization systems. Further restricting these, we also obtain adjunctions

— —
Cat — (-)» — Fact Cat — () — Fact
— —

Example 2.7. The category Fact is presentable, but the category Fact®® is neither complete nor cocomplete.
To see this, let f: C — D be a functor of such that the preimage f~!(D~) < C is not the class of egressive

morphisms in any factorization system on C, e.g. take [1]2 — [2] classifying

0=—==0
— 2.
The above adjunctions imply that limits in Fact®® are computed underlying on both the category itself and
the wide subcategory of egressive morphisms, so the pullback of the cospan C* — D* + D’ would have to
be (C, f~1(D™)), yet this is not an object in Fact®®, so the pullback does not exist.
The adjunctions also imply that colimits in Fact®® are computed underlying, so the pushout of the span
F7UD™)F «— f~1(D™)" — C” would have to be of the form (C, Ceg). There are functors f (D) — (C, Ceq)
by definition and (C,Ceg) — C[f~*(D™)"'P by the universal property, forcing f~'(D~) = Ceg. Thus the

pushout does not exist either.

Next, we summarize the relevant background on 2- and double categories that we will need later on, as

well as Juran’s results from [Jur25]. The reader is referred to the references for more complete introductions.

Definition 2.8. A double category is a 2-uple complete Segal anima (cf. Section 3). A 2-category is a double cat-
egory Xeo: A*%°P — Ansuch that the simplicial object X( ¢ : AP — An s constant. The full subcategories
of Fun(A*2°P  An) on the 2- resp. double categories are denoted 2Cat C DCat.

Notation 2.9. The involutions induced by op x ida,ida xop: A x A — A x A on Fun(A*?°P_ An) restrict
to DCat and are denoted (—)"~°P, (—)?~°P: DCat — DCat respectively. The involution induced by the swap
7: A x A — Ax A, [n,m] — [m,n] similarly restricts to an involution (—)*: DCat — DCat.
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Furthermore, the inclusions (—)j,: 2Cat < DCat resp. (—), := (—)" o (=) : 2Cat — DCat admit right
adjoints Hor(—): DCat — 2Cat resp. Ver(—): DCat — 2Cat called the horizontal resp. vertical fragment.

Definition 2.10. A functor of 2-categories is called fully faithful resp. locally fully faithful resp. faithful if it
induces on Hom-categories an equivalence resp. fully faithful functor resp. monomorphism. It is wide resp.

locally wide if it is essentially surjective resp. essentially surjective on Hom-categories.

Recollection 2.11. The category 2Cat of 2-categories has a canonical monoidal structure, the (oplax) Gray
tensor product X: 2Cat x 2Cat — 2Cat, (C, D) — C X D; see [LR25] for a review and further references.

This monoidal structure has the following properties:

e It is compatible with colimits in either variable.
o It restricts on the subcategory [ of Gray cubes [CM23, Definition 1.5] to the strict Gray tensor product,
which admits a combinatorially explicit description [CM23, Definition 1.4].

e It is biclosed. More precisely, there are adjunctions
(=) XD 4 Fun®®™>(D, -),  CK(—) - Fun™(C, -),

where Fun(®P)2% is the 2-category of functors, (op)lax natural transformations and modifications.
Remark 2.12. The first two conditions uniquely determine the Gray tensor product [CM23, Corollary 3.5, (2)].

Remark 2.13. In particular, the first two conditions imply that the unit of this monoidal structure is the terminal
2-category and so the unique maps C — * and D — * induce a natural map CXD — C x D. This map is an

equivalence if C or D is terminal, so it is an equivalence if C or D is an anima by compatibility with colimits.
Later on, we will need a rudimentary description of the objects and morphisms in the Gray tensor product.

Proposition 2.14. Let C, D be 2-categories. Then:

(1) The natural map mo((C X D)~) — 7 ((C x D)~) = mo(C™) X mo(D7) is a bijection. A pair (¢, d) €
m0(CT) X mo(D™) corresponds to the object ¢ X d classified by the functor x ~ x X x e D.

(2) The 1-morphisms of C X D are generated under composition by those of the form f X d: cXd — ¢ Kd
for f: ¢ = ¢ a morphism in C and d € D, classified by the functor [1] ~ [1] K * M e w D, and,

dually, those of the formcX g: ¢ d — ¢X d’ forc € C and g: d — d' a morphism in D.

Proof. The full subcategory inclusion [ C 2Cat is dense [CM23, Corollary 2.11], hence there is a natural
equivalence £ ~ colimyu_,g (07 for any 2-category £ (more precisely, the colimit is indexed by the relative
slice [ X 9cat 2Cat /g). In particular, we obtain
CHD=~ colim OO’
0d—c, 04 D

Then, using a general description of colimits in 2Cat (e.g. using Segalification [BS25b, Section 2.2] and com-
pletion [Lur09a, Sections 1.2-1.3]), we see that (2) reduces to the case C = (04 and D = O for d,d >0,
which is true by the combinatorially explicit description of [CM23, Definitions 1.4-1.5]. The same reduction
also demonstrates that every object of C X D is of the form ¢ X d for some ¢ € C and d € D.

To prove (1), observe that the maps C= < C and D~ — D induce amap C~ x D~ ~ C=XD~ — CKD,
which factors as C= x D~ — (CX D)~ and is a section of the natural map (C X D)~ — C~ x D~. The first

map is essentially surjective by the preceding discussion, hence these induce inverse bijections on . O

Furthermore, we recall the following theorem, although we will only need the construction of the functor.
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Theorem 2.15. The bicosimplicial object A x A — 2Cat, [n,m| — [m| X [n] induces a fully faithful functor
Sq: 2Cat — DCat, C — ([n, m] — Mapy,,([m] X [n],C)).

This is called the (oplax) squares embedding. O

Notation 2.16. Let Cat denote the 2-category of categories, functors and natural transformations and Cat the
double category Sq(Cat) whose objects are categories, horizontal resp. vertical morphisms are functors and

squares are oplax commutative squares in Cat, i.e.

C——C

| ]

D——17D.

Finally, we are able to recall Juran’s double-categorical framework and un/straightening equivalence.

Theorem 2.17 ([Jur25, Theorem 3.19]). The bicosimplicial object A*? — Fact, [n,m] — [n]* x [m]® (cf. [Jur25,
Notation 2.14]) induces a fully faithful functor

v: Fact < DCat, C' — ([n,m] — MapFaCt([n]ﬁ x [m]’,c")). O

Theorem 2.18 ([Jur25, Proposition 4.5, Theorem 4.6]). LetC' be a category equipped with a factorization system.

Then there is a natural equivalence
Ortho(CT)™ ~ Mapp e, (¢(CT)?~°P, Cat)

between the anima of curved orthofibrations over CT (see Definition 4.2) and the mapping anima of double
functors 1(CT)?~°P — Cat. O

3. SEGAL OBJECTS AND FAITHFULNESS

In this section, we recall the formalism of Segal objects to study faithful maps and prove Theorem C on

lifting through faithful functors of n-uple categories. This is a categorification of covering space theory.

Definition 3.1. Let C be a finitely complete category. A Segal object in C is a simplicial object X : A°? — C
that satisfies the Segal condition, i.e. the canonical map X,, — X1 Xx, ... X x, X1 is an equivalence for all
n = 2. Itis called a groupoid object if the canonical map X;, — Xg xx,, Xg is an equivalence for every
partition [n] = S U S" with S NS” = {s}. The full subcategories of Fun(A°P,C) on the groupoid resp. Segal
objects are denoted Gpd(C) C Seg(C).

Proposition 3.2 ([Lur09a, Proposition 1.1.14]). Let C be a finitely complete category. The inclusion Gpd(C) C
Seg(C) admits a right adjoint (—)~: Seg(C) — Gpd(C). The counit map X~ — X is a monomorphism and
induces an equivalence X5* — X for all X € Seg(C). O

Definition 3.3. A Segal object X in a finitely complete category C is complete if the groupoid object X~
is constant. The full subcategory of Seg(C) on the complete Segal objects is denoted Cat(C). The forgetful
functor evp: Cat(C) — C is then also denoted (—)~: Cat(C) — C.

Remark 3.4. For C = An, the Rezk nerve N: Cat — Fun(A°, An), C — ([n] — Map,([n],C)) is fully
faithful and induces an equivalence onto the full subcategory of complete Segal anima ([JT07], [HS25]).
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Remark 3.5. Let X be a Segal object in C and consider the pullback

Xeg ——— X3

l J/(d{l,S})d{O,Q})

Xo x Xo 2% X1 x Xi.
din -
The canonical map X.q — X3 O x 1 is a monomorphism by [Lur09a, Proposition 1.1.14], the degeneracy
factors through this monomorphism as a map so: Xo — Xeq and loc. cit. implies that X is complete if and

only if this map is an equivalence.

Definition 3.6. For n € N, we inductively define an n-uple (complete) Segal object in a finitely completely
category C to be a (complete) Segal object in (n — 1)-uple (complete) Segal objects in C if n > 1. The full
subcategory of Fun(A*™°P () on the n-uple (complete) Segal objects is denoted Seg™(C) resp. Cat™(C).

Remark 3.7. For C = An, we denote nCat"’'® := Cat™(An) and consider it as the category of n-uple categories.
The category nCat of n-categories is the full subcategory of nCat"P'® on those n-uple categories that satisfy
the globularity condition: for every kq,...,k;—1 > 0, the (n — i)-uple simplicial anima Ci, &, .0, iS
constant (see [Lur09a, Section 1.3], [BS21, Section 14] and cf. [JS17, Lemma 2.8]).

Proposition 3.8. Let C be a finitely complete category and n > 0. There is an adjunction

const

in which evg . o is both a reflective and a coreflective localization.

Proof. The evaluation functor evy_. o: Fun(A*™°? C) — C is equivalently the limit functor and admits a
left adjoint const taking constant diagrams, which clearly factors through the full subcategory on the n-uple
Segal objects. To see that evy . o has a right adjoint, consider the pointwise formula for right Kan extensions:
the right Kan extension of X : {[0,...,0]} — C along {[0,...,0]} < A*™°P is given by
ki, k] — lim X ~ lim X~ x X krt1)e(knt1)
(AXTP) ik kn]/ X axm,op {0501} [1i=1 Map pop ([0],[Ki])

which exists by finite completeness of C and factors through the full subcategory on the n-uple Segal objects
by inspection. Finally, note that const is fully faithful because A*™°P is weakly contractible and T is then

fully faithful by abstract nonsense. 0

Definition 3.9. Amap f: X — Y of n-uple Segal objects is called faithful resp. fully faithful if the induced
o I'Xo,... 0 is a monomorphism resp. equivalence in Seg”(C).

.....

Lemma 3.10. The class of (fully) faithful functors contains the equivalences, is stable under under limits in the

arrow category, in particular under base-change, and satisfies left cancellation. (]

Proposition 3.11. Let f: X — Y be a map of n-uple Segal objects in a finitely completely category C. Then f

is a monomorphism if and only if it is faithful and fo . o: Xo,.. 0 — Yo,..0 is a monomorphism.

-----

Proof. The map f is a composite of f': X — Y Xy, ,TXo,.. o andthemapY X1y o I Xo0,..0 > Y

base-changed from T'fy .. o: T Xo,....0 — TY)p,... 0. In particular, the latter map is a monomorphism if f is a

,,,,,

monomorphism since 7" and evy . g are right adjoints, hence preserve monomorphisms. In this case, we see

that f is a monomorphism if and only if f’ is a monomorphism, i.e. f is faithful, by left cancellation. ]
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Proposition 3.12. Let f: X — Y be a map of n-uple Segal objects in a finitely complete category C. Then f is
(fully) faithful if and only if it is (fully) faithful as a map of Segal objects in Seg”~*(C) and the underlying map
iy f of (n — 1)-uple Segal objects in C is (fully) faithful.

Proof. Consider the adjunctions provided by Proposition 3.8:

const const
Seg™(C) it —— Seg”fl(C) —evo,.0— C,
D —
T Tn—l

Tisx Gl

,,,,,

,,,,,

Y XTnYO
horizontal maps in the above diagram are monomorphisms resp. equivalences, so the left map is a monomor-

AAAAA

phism resp. equivalence if and only if f’ is a monomorphism resp. equivalence by left cancellation. |

Proposition 3.13. Let C be a finitely complete category and f: X — Y a faithful map of n-uple Segal objects
inC. Then, for any map Z — Y of n-uple Segal objects in C, the induced map
evo,..0° Mapseen(cy ,, (£, X) —— Mape,, (Zo....0, Xo,...0)

-----

is a monomorphism of anima. The image consists of precisely those components on the maps Zy ..o — Xo,...0

over Yy . o such that the induced map Z —'Y Xry, o I'Xo,....0-

,,,,,,,,,,

Proof. The map f': X < Y Xry, T X is a monomorphism in Seg”(C), hence also in Seg™(C) /y, and we

obtain
MapSeg”(C)/y(Z7X) - MapSeg"(C)/Y(27Y XTYp,...0 TXO,---70)
= MaPSeg"(C)/TYo ,,,,, 0 (2, TXo,...0)
= MapC/Yo ,,,,, 0 (ZO""’O7X0’ ’0)'
The characterization of the essential image is tautological. ]

Now, we specialize to n-uple complete Segal objects.

Proposition 3.14. Let f: X — Y be a faithful resp. fully faithful map of complete Segal objects in a finitely
complete category C. Then fo: Xo — Yy is O-truncated resp. (—1)-truncated (i.e. a monomorphism).

Proof. The functor T': C — Seg(C) factors through Gpd(C), so we obtain (f~)": X~ — Y~ xpy, T Xy by
applying (=)~ to f: X = Y Xpy, TXp,1e. f~: X= — Y= is (fully) faithful if f: X — Y is, but this map
is the diagonal Xy — Y) XY0><2 XOX2 ~ X Xy, Xo by completeness, hence fj is 0- resp. (—1)-truncated. [

Corollary 3.15. Let f: X — Y bea faithful resp. fully faithful map of n-uple complete Segal objects in a finitely
complete category C. Then fy . o: Xo,..0 — Yo,.. 0 is O-truncated resp. (—1)-truncated (i.e. a monomorphism).

Proof. The induced map fo... 0.e: Xo,..00 — Y0,. 0, is a faithful resp. fully faithful map of complete Segal
objects in C by the argument of Proposition 3.12. Then Proposition 3.14 applies. ]

Corollary 3.16. Faithful resp. fully faithful maps of n-uple complete Segal objects in a finitely complete category

C are O-truncated resp. (—1)-truncated (i.e. monomorphisms).
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Proof. Fully faithful maps of n-uple complete Segal objects are monomorphisms by combining Proposition
3.11 and Corollary 3.15. It is straightforward to check that the diagonal of a faithful map is a fully faithful

map using that 7' is a right adjoint, hence the former is O-truncated. g

Corollary 3.17. Let C be a finitely complete category and f: X — Y a faithful map of n-uple complete Segal
objects in C. Then, for any map Z — Y of n-uple Segal objects in C, MapSeg”(C)/y (Z,X) is discrete. ]

Finally, we specialize to the case C = An. For any tuple € = (e1,...,&,) € {0,1}", we consider it as an
object of A*™ and denote the associated representable presheaf by D<. This is an n-uple category called the
'walking e-cell'. Its dimension is the number |¢| :== > """ | &,,. The walking e-cell has a skeletal filtration

|_| * agoDQ — Gngé c el € 8S|§|_1}D)é — D=
2lel

The k-skeleton O<j D= is the union of the < k-dimensional representable sub-presheaves of D* and again an
n-uple category. The codimension 1-skeleton ID= := J<|,|_; D= is also called the boundary of D=. The crucial
property of the skeletal filtration is that the k-th step O<_1D* < O<j;D= is the cobase-change of a (finite)
coproduct of boundary inclusions D < D’ with |¢/| = k, which is already true in PSh(A*™).

Proposition 3.18. A functor f: C — D of n-uple Segal anima is faithful resp. fully faithful if and only if for
everye € {0,1}"\ {(0,...,0)} and a: D= — C, the canonical map

Mapncatuple (]D%C) ><Map (0D<,C) {a} — MaPnCatUPle (D§7 D) ><Map (0Ds,D) {fa} (2)

nCatuple nCatuple

is a monomorphism resp. equivalence.

Proof. That f': C — D xrp, ,TCo,..0isa monomorphism resp. equivalence can be checked pointwise and

the Segal condition reduces this to the points ¢ € {0,1}", i.e. to applying Map,, -,.wle (D%, —). This is always
true for ¢ = (0, ...,0) and we may use the skeletal filtration to factor Map, i (D, f’) as a composite

NlapnCat“ple (D§7 C) - Iv[al:)nCatulfJle (D§7 D) XMaPncatuple (Gg‘é‘,lDé,D) MapnCat“ple (a§|§‘*1D§’ C)

= Map,couic (D%, D) Xnap, e (9<0D2,D) MaPycapmie (90D, C)

~ Mapncatuple (]D)Q’ D) XMap

The individual maps are base-changed from (finite) products of the analogous maps

nCatuple \W L 20,

Mapncatuple (Dgl, C) — Mapncatuple (D§/7 D) X

Map_ . uple (9D, D) Map,, e (0D, C)

nCa
for appropriate ¢’ € {0,1}"™\ {(0,...,0)}. Thus, inducting over |¢| and using left cancellation, we see that
f is faithful resp. fully faithful if and only if these maps are monomorphisms resp. equivalences for all
g €{0,1}"\ {(0,...,0)}, which can be checked fiberwise over Map, i (9D, C). O

Remark 3.19. In particular, a map of n-categories is (fully) faithful in our sense if and only if it is (fully) faithful

in the usual sense, and a map of anima is (fully) faithful if and only if it is O- resp. (—1)-truncated.

Remark 3.20. From this, we deduce by globularity that a (fully) faithful functor of n-uple categories induces

a (fully) faithful functor on their maximal sub-n-categories.
Inspired by this characterization, we include the following variant.

Definition 3.21. For 0 < k < n, a functor f: C — D of n-uple Segal anima is k-faithful if the canonical map
(2) is a monomorphism resp. equivalence for every ¢ € {0,1}" \ {(0,...,0)} such that |e| < k resp. |[g| > k
and a: 0D= — C. A 1-faithful functor is also called locally fully faithful.
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Remark 3.22. In particular, Proposition 3.18 yields that 0- resp. n-faithful is the same as (fully) faithful. This
notion of a k-faithful functor is consistent with [LMRSW 24, Definition 5.3.1]") as well as Definition 2.10.

Proposition 3.23. Let f: X — Y be a faithful map of anima. Then, for any mapp: Z — Y of anima, the joint

evaluation map
Map,y, (2, X) — Tlijero(2) Xp()
is an inclusion of discrete anima. The image consists precisely of those families (.)[z)exy(z) Such that for any

a: z — 2" in Z, the image p(«) is contained in the full sub-anima Map y (x, z./) < Mapy (p(2), p(2')).

Proof. There is a cartesian square

immediate by comparing the vertical fibers, which are O-truncated in the case of f by assumption. This begets
MapAn/Y (Z7 X) = MapAn/Tle (Z’ Tng) = MapAn/Tle (T§1Z7 Tng)
However, 1-truncated anima identify with ordinary groupoids, so this claim can be verified by hand. ]

Remark 3.24. There is another perspective on this result: if we model anima by CW-complexes, then faithful
maps can be modeled by covering spaces and the above is precisely the usual lifting criterion in covering

space theory (see e.g. [Hu59, Theorem 16.1]).

Remark 3.25. In fact, the same argument works with categories instead of anima, replacing the 1-truncation

T<1X with the homotopy category hC. However, we also recover this case below.
To ultimately prove Theorem C, we recall an easy lemma about monomorphisms.

Lemma 3.26 ([Ram23, Proposition A.11]). Let C be a finitely complete category and T a small category. The

monomorphisms and the property of factoring through a monomorphism in Fun(Z, C) are checked pointwise. [

Theorem 3.27. Let f: C — D be a faithful functor of n-uple categories. Then, for any functorp: T — D of
n-uple categories, the joint evaluation map

MapnCatl/%e (T,C) — H (Cpi)™
[tlemo(T=)
is an inclusion of discrete anima. The image consists precisely of those families (ct)[jenx,(T~) satisfying:
e Foreverye € {0,1}"\ {(0,...,0)} and g-cell «: D= — T, its image fo together with the chosen lifts
of objects is contained in the full sub-anima Map,, e (D, C) < Map, ¢, wpie (D€, D) X e xan C=2",
Furthermore, if 1 < k < n and f: C — D is k-faithful, it suffices to check the above condition for those

e €{0,1}"\{(0,...,0)} such that || = k. IfC and D are n-categories, it suffices to check the above condition
fore of the form (1,...,1,0,...,0).

Remark 3.28. For n = 1, a version of this result is already proven in [Ram23, Lemma A.6].
Proof. This map taking fibers is obtained as a composite

(=)= ~ ~
MaPnCatjf;_‘;(T’C) —— Mapy, . (T7,C7) — e, (7=)(Cor) ™

(1)Except that the indexing conventions differ by one.
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The former is a monomorphism by Proposition 3.13. Furthermore, the map f~: C= — D~ is faithful, i.e.
0-truncated, by Corollary 3.15 and so the latter joint evaluation map is a monomorphism by Proposition 3.23.

To characterize the essential image, note that the condition is clearly necessary. Suppose conversely that
(ct)[emo(T=) is a tuple satisfying the condition. The tuple is contained in the essential image of the second
map; indeed, a morphism ¢ — ¢’ in 7~ is equivalently an invertible 1-morphism (in, say, the first direction)
t — t' in T by completeness, whose image under p lifts to an invertible morphism ¢; — ¢ in C by the
assumption for € = (1,0, ...,0) (and since the inverse also lifts), which equivalently describes a lift ¢; — ¢y
in C=. Thus we obtain an induced map 7= — C=, t — ¢; over D~ by Proposition 3.23.

To check that this is contained in the essential image of the first map, we use the characterization of
Proposition 3.13 and Lemma 3.26. The Segal condition reduces us to verifying the pointwise factorization at

the objects £ € {0, 1}", i.e. we need to check the existence of the dotted maps

Mapncatuple (Dé, C)

~ lel
Map,, ¢, gupie (D, T) —— Map,, ¢, gupte (D=, D) X e, x2lel C=x2=,

The right vertical map is a monomorphism by faithfulness (and an equivalence if ¢ = (0, ..., 0)), so this can
be checked on 7, where it is precisely the assumption. To verify the final assertions, we induct over the
skeletal filtrations of the D= (cf. the proof of Proposition 3.18) to see that it suffices to check the condition for
those ¢ € {0,1}" \ {(0,...,0)} such that |¢|] < k in the case that f is k-faithful. Then a retract argument

reduces us to the case |g| = k. The other assertion is immediate by globularity. ]

4. CONSTRUCTING AMBIFIBRATIONS

In this section, we carry out our main construction of factorization systems, proving Theorem A.
Notation 4.1. The datum of a category C equipped with a factorization system is denoted C.

Definition 4.2. A functor p: £ — C' in Fact is called an ambifibration if it admits cocartesian resp. cartesian
lifts of egressive resp. ingressive morphisms, which are again egressive resp. ingressive. It is called a curved

orthofibration if furthermore every ingressive morphism in £ is p-cartesian.

Proposition 4.3 ([HHLN23, Observation 5.2, (2)]). Letp: Et = CT be a functor in Fact and py, : En — Cin the

induced functor. Then an ingressive morphism f: x — y is p-cartesian if and only if it is p;, -cartesian.

Proof. For any egressive morphism g: w — w’ in £, consider the diagram

Mape, (pw', pr) Map (pw', pz) Map (pw, pz)
Pin / %
Map, (W', x) Map, (v, z) Mapg (w, x)
Jr)(f )o ‘ J
Map, (pw', py) Map (pw', py) Map, (pw, py).
fo P J / /
Mapg_ (w',y) Mapg (w', y) Mapg (w, y)
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The squares consisting of the teal-colored arrows are cartesian, because f and hence p(f) are ingressive and
ingressive morphisms satisfy stability under composition and left cancellation. The squares consisting of the
orange-colored arrows are cartesian by orthogonality, because g and hence p(g) are egressive. Thus, letting
w € & be arbitrary and g = id,,, pullback-pasting immediately yields that f is pj,-cartesian if it is p-cartesian.

In the converse direction, assume that f is pj,-cartesian and let g: w — y be an arbitrary morphism in
E. Factoring g as an egressive morphism ¢’': w — w’ followed by an ingressive morphism h: w' — y, we
have that f is the image of h € Mapgm(w/, y) under ¢"°. The left face of the above cuboid is cartesian by
assumption, hence the right face of the cuboid also induces an equivalence on vertical fibers over g. Since g

was arbitrary, this implies the right face of the cuboid is cartesian, i.e. f is p-cartesian. (]

Corollary 4.4. Let p: £ — CT be a functor in Fact. Then p is an ambifibration resp. curved orthofibration if
and only if peg: Eeg — Ceg is a cocartesian fibration and pi, : Ein — Cin is a cartesian resp. right fibration. [

Remark 4.5. In particular, this demonstrates that our definition of a curved orthofibration is consistent with
[HHLN23, Definition 5.14] and [Jur25, Definition 4.1] (see also [Jur25, Lemma 4.2]).

Proposition 4.6. Let C' be a category equipped with a factorization system and p: €& — C a functor admitting
cocartesian resp. cartesian lifts of egressive resp. ingressive morphisms. Furthermore, let &l bea factorization
system on the fiber £ for every ¢ € C such that cocartesian resp. cartesian transport along egressive resp.
ingressive morphisms preserves egressive resp. ingressive morphisms in the fibers.

Then there is a factorization system £ on & that restricts to the factorization system gl on €, forallc € C

and such that p': €V — C1 is an ambifibration. This factorization system is characterized as follows:

e The egressive morphisms in £ are precisely those that factor as a composite of a p-cocartesian lift of an
egressive morphism in C1 followed by a fiberwise egressive morphism.
e The ingressive morphisms in E' are precisely those that factor as a composite of a fiberwise ingressive

morphism and a p-cartesian lift of an ingressive morphism in C.

Proof. First,let f:  — z be an arbitrary morphism in € and factor p( f) as an egressive morphism g: p(z) —

y followed by an ingressive morphism h: y — p(z). Then consider the diagram

f .
co% At
gsT 3 h*z
. A
A <
Yy

The dotted morphism gsx — h*z is induced from f by the universal properties of (co-)cartesian morphisms
and the dashed bottom triangle is the egressive-ingressive factorization of this morphism in the fiber EyT. This
provides an egressive-ingressive factorization of f in £7.

It remains to prove orthogonality. To this end, consider an egressive resp. ingressive in morphism in £
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Then we form the diagram

}%(p(b),p(x)) oI /Mapc<p<b>,p<x'>> /Mapc<p<b>,p<y>>
Map, (b, x) L Mapg (b, z) Map, (b, y)
lp(g/)c’ lﬁv(g’)o p(g')°
Mape (p(b'), p(z)) —2L Mape (p(t), p(x')) ——— | ——— Mapg(p(¥), p(y))
(g)° ww/ﬂ// @i;y/

Map, (V' z) fo Map, (V' ') Map, (v, y)

Map, (p(a), p(x)) —L }w(a),p(x’» — ¢c<p<a>,p<y>>.
Mapg (a, x) fo Mapg (a, ') Mapg(a, y)

The squares consisting of the orange-colored arrows are cartesian since a — b’ is p-cocartesian, the squares
consisting of the teal-colored arrows are cartesian since x’ ~— y is p-cartesian and the violet-colored arrows
are equivalences. It needs to be proven that the total front face of this diagram is cartesian, which we do by
proving that its four component squares are cartesian. For all but the top left square, this reduces to showing
the corresponding square on the back face is cartesian by pullback-pasting. For the bottom right back square,
this is immediate by orthogonality in CT. For the other two squares, it is clear since their horizontal resp.
vertical morphisms are equivalences.

Thus, it remains to prove that top left front square is cartesian. Since the top left back square consists
entirely of equivalences, the front square lifts to the slice over Map,(p(b), p(x)) and we may check that it
is cartesian fiberwise. To this end, let h: p(b) — p(x) be arbitrary and factor it as an egressive morphism
heg: p(b) — u followed by an ingressive morphism hi, : u ~— p(z), which admit a cocartesian lift fzeg tb—>s
and a cartesian lift hin: t — respectively. Then we have a natural diagram

Mapy (s,1) % Mapg (b, t) % Mapg (b, x)

| _
lp I lr
heg (Rin)o
{*} —— Mape(p(b),u) —— Mapc(p(b), p(z))

The left square is cartesian because Beg is p-cocartesian and the right square is cartesian because Bm is p-
cartesian, hence the composite square is also cartesian. In choosing another cocartesian lift ﬁég: b — s of
heg resp. another cartesian Lift hf, : ¢/ — 2/ of hin, we obtain morphisms heg sg': 8" — s resp. hi f': t — t/,
which are the cocartesian resp. cartesian transport of ¢’ resp. f’ along heg resp. hiy. In total, this allows us
to identify the fiber of the top left front square over f with the square

hE o
Map, (s,t) % Map, (s,t')

|thgsy |ty

hE o
Mapgu(s',t) % Mapgu(sl,t').

This square is cartesian by orthogonality in &l since the assumptions precisely give that heg4g': s — sis

egressive because ¢’': b/ — b is egressive and A, f': t — t’ is ingressive because f’: x ~— 2’ is ingressive.
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Thus, we have proven that £ is a factorization system and then p': €1 — C' is an ambifibration by
definition. Furthermore, because (co-)cartesian lifts of equivalences are equivalences, this factorization system

restricts to the given factorization system Elon &, forallc € C. O

Theorem 4.7. Let C' be a category equipped with a factorization system and p: €& — C a functor, which ad-
mits cocartesian resp. cartesian lifts of egressive resp. ingressive morphisms. Then the anima of ambifibrations
pt: &1 — CT lifting p is discrete and equivalent to the set of collections of factorization systems on the fibers
&, ¢ € C such that cocartesian resp. cartesian transport along egressive resp. ingressive morphisms preserves

egressive resp. ingressive morphisms in the fibers.

Proof. Let p: &7 — CT be an ambifibration lifting p. For any object ¢: * — C, the factorization system £T
on & restricts to a factorization system &l on the fiber &, by Proposition 2.5. Let g: a — b be an egressive
morphism in C and gs: £, — & the associated cocartesian transport. If f: x — y is an egressive morphism
in &I, consider the square

cocart
T ——» Gzl

lf |s

y — gey.
The cocartesian morphisms are egressive since p is an ambifibration and f is egressive by assumption, hence
g:f is again egressive by stability under composition and right cancellation. The dual argument applies to
ingressive morphisms, hence we obtain a map from the anima of ambifibrations lifting p (which is a priori
discrete by Proposition 2.3) to the set of collections of transport-stable factorization systems on the fibers.

This map is essentially surjective by Proposition 4.6, but because the classes of egressive/ingressive mor-

phisms given there are necessarily egressive/ingressive for any ambifibration p: £ — CT lifting p, this fac-

torization system is unique by mutual orthogonality and the map is also essentially injective. (]

Remark 4.8. In the case C is equipped with the trivial factorization system C¥, this recovers [Sha22, Lemma
3.4] as well as (the dual of) [LMRSW24, Lemma B.2.4] and is refined in Theorem 5.15.

Remark 4.9. In the case that every fiber &, is equipped with the trivial factorization system (&), we obtain
the factorization system consisting of lifts of egressive morphisms and cartesian lifts of ingressive morphisms.
This is dual to [Lur17, Proposition 2.1.2.5] (in this case, the existence of cocartesian lifts of egressive morphisms

is an extraneous assumption) and already refined in Juran’s un/straightening equivalence Theorem 2.18.

Remark 4.10. In the setting of Theorem 4.7, assume that p: £ — C is a bicartesian fibration. Then using the
compatibility of orthogonality and adjunctions (e.g. [ABF]22, Lemma 3.1.4]), the cocartesian transport along
a morphism preserves egressive morphisms if and only if the corresponding cartesian transport preserves
ingressive morphisms. In particular, the transport-stability is equivalent to requiring that every cocartesian

(resp. cartesian) transport preserves egressive (resp. ingressive) morphisms in the fibers.

Example 4.11. Take the source functor evp: Fun([l], An) — An, which is a bicartesian fibration. Its carte-
sian transport along f: X — Y is the functor f°: Any, — Any, over An. Thus, if we equip the fibers
with the factorization system obtained by lifting the ((n + 1)-connected, (n + 1)-truncated) factorization sys-
tem [ABF]22, Example 3.1.7, d)] through the left fibration p: Anz, — An [ABF]22, Lemma 3.1.8], these are
compatible with cartesian transport along any map in the base. Equipping the base with the (n-connected,
n-truncated) factorization system, Proposition 4.6 then induces a factorization system on Fun([1], An). This

recovers the factorization system of [Fer25, Definition 7.1.1], which inspired our construction.
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5. THE UN/STRAIGHTENING EQUIVALENCE

In this section, we prove Theorem B and other un/straightening equivalences for categories equipped with
a factorization system such as Theorem 5.15. This is done by lifting 2- or double-categorical un/straightening
equivalences by combining Theorem 3.27 and the classification of Theorem 4.7.

First, we need to define the 2- and double categories of categories equipped with a factorization system.

Definition 5.1. The double category Fact of categories equipped with a factorization system is defined as the
wide and locally full sub-double Segal anima Fact < Cat Xpc,~ TFact™ on the horizontal resp. vertical

morphisms corresponding to functors preserving egressive resp. ingressive morphisms.

Remark 5.2. The above pullback is formed along the forgetful functor Tp~ : TFact™ — T'Cat™ and the functor
Cat — T'Cat™ adjoint to the equivalence Catg o ~ Mapy,,([0] X [0], Cat) ~ Cat™.

Proposition 5.3. The forgetful functorp: Fact — Cat is locally fully faithful. For a categoryC, the corep™ ! (C)™

of the fiber is discrete and equivalent to the set of factorization systems on C.

Proof. The functor p is locally fully faithful by definition. The fiber Fact X ¢, {C} is a wide, locally full sub-

double Segal anima of TFact™ X ey~ {C} and T preserves limits, hence we conclude by Proposition 2.3.
Proposition 5.4. The double Segal anima Fact is in fact complete, i.e. a double category.

Proof. We prove that Fact is vertically complete. The horizontal completeness is proven analogously. To this

end, consider the commutative diagram

Fact; g —— (Cat Xpcg~ TFact™)1 9 =~  Catyg Xcyex2 Fact™>?

lso lso Jso

Fact] oq — (Cat x ~ TFact™)1eq =~ Catyeq X~ x4 Fact™>%,
eq T'Cat ,eq ,eq  Cat

The degeneracy so: Caty g — Caty eq is an equivalence since Cat is a double category, hence the right vertical
map is a base-change of Fact™>*? — Cat™>?x .~ x4Fact™>* by pullback-pasting and thus a monomorphism
since p~ : Fact™ — Cat™ is O-truncated by Propositions 2.3 and 3.14.

Hence the left vertical map sg: Fact; g — Fact; ¢q is a monomorphism by left cancellation and it remains
to verify that it is essentially surjective, i.e. that every vertically invertible square in Fact is in fact vertically

degenerate. The underlying square in Cat is vertically degenerate, so we conclude by Proposition 2.4. O

Remark 5.5. Informally speaking, the double category Fact has as objects categories equipped with a fac-
torization system, as horizontal resp. vertical morphisms the functors preserving egressive resp. ingressive

morphisms and as squares the appropriate oplax commutative squares in the 2-category Cat.

Definition 5.6. The horizontal resp. vertical fragment of Fact are denoted Fact®® := Hor(Fact) resp. Fact™ :=
Ver(Fact). The 2-category Fact is the wide and locally full subcategory of Fact®® (or, equivalently, Fact™) on
the functors preserving both egressive and ingressive morphisms.

There are locally fully faithful functors p: Fact — Cat and p®: Fact®® — Cat resp. Fact™ — Cat,
which on underlying 1-categories recover the faithful functors p: Fact — Cat and p®8: Fact®® — Cat resp.
p™: Fact™ — Cat by Proposition 2.3.

Definition 5.7. Let C' be a category equipped with a factorization system. The full subcategory of Factj%jT on
the ambifibrations is denoted by Ambi®®'®*(C") and the wide, locally full subcategory thereof on the functors

over CT preserving cocartesian egressive morphisms as well as cartesian ingressive morphisms by Ambi‘8(C').



FACTORIZATION SYSTEMS ON oco-CATEGORIES: UN/STRAIGHTENING AND MONADICITY 17

Its intersection with Fact ¢t is denoted by Ambi(C") and the underlying 1-category thereof by Ambi(CT).
Finally, the full subcategory of Ambi(C") on the curved orthofibrations is denoted by Ortho(CT).

Remark 5.8. Proposition 2.4 implies that Ambi®®(CT)~ ~ Ambi(CT)™. There are also dual versions denoted
Ambi™P(CT) etc.

Proposition 5.9. Let C' be a category equipped with a factorization system. The forgetful map Ortho(CT)> —
(Catc)™ is a monomorphism whose essential image consists of those functors p: £ — C that admit cocartesian

resp. cartesian lifts of egressive resp. ingressive morphisms.

Proof. The functor p: Fact — Cat is faithful by Proposition 2.3, hence so is Fact,c — Catc and thus
(Fact/c)™ — (Cat/¢)™ is O-truncated by Proposition 3.14. Restricting the source to the full sub-anima
Ortho(C)™, we observe that there is at most one factorization system £ on & such that p: £ — Clisa
curved orthofibration, because the ingressive morphisms in £ are precisely the cartesian lifts of ingressive
morphisms in CT and this determines the factorization system. Thus, the forgetful map is (—1)-truncated, i.e.

a monomorphism, and the characterization of the essential image follows by Proposition 4.6. ]

Theorem 5.10 (Un/Straightening for Factorization Systems). LetC' be a category equipped with a factorization

system. Then there is a natural equivalence

Ambi(C")™ ~ Mapp,, (¢(CT)V ™, Fact).

Proof. To prove this theorem, we consider the square

MapDCat(L(CT)viop,FaCt) = > AAnlbl(C-l.)Z

| |

MHPDCat(L(CT)“_"p, Cat) —=5 Ortho(CT):.

The bottom un/straightening equivalence is Juran’s Theorem 2.18. The left vertical map is induced by the
(locally fully) faithful functor p: Fact — Cat and hence O-truncated by Corollary 3.16. The right vertical map
is induced by the diagram

Ortho(CT)™

o £

Ambi(CT)® —— (Cat/¢)=,

in which the right vertical map is a monomorphism by Proposition 5.9 and the dotted lifting exists by the
characterization of the essential image. This map is also O-truncated by the argument of Proposition 5.9.
To construct the dotted map in (3), we can thus use Proposition 3.23. The lifts on objects are specified by
Proposition 4.6 and satisfy the naturality condition by construction.

To then prove the dotted map is an equivalence, we can check that the square (3) induces equivalences
on vertical fibers. The left-hand fiber is described by Theorem 3.27 in light of Proposition 5.3 as the set of
collections of transport-stable factorization systems on the fibers of the corresponding fibration. The induced
equivalence is then precisely the content of Theorem 4.7. O

Remark 5.11. This un/straightening equivalence projects onto Juran’s un/straightening equivalence Theorem

2.18 by construction. This projection also admits a section given by the inclusion Ortho(CT)™> < Ambi(C)=
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resp. the section (—)#: Cat — Fact induced by the diagram

Y’
Cat ) > Cat Xpcg~ TFact™ ——— Cat

| | |
)
TCat™= % TFact™ ——— T'Cat~,

in which the horizontal composite is the identity. This indeed factors through Fact < Cat X ¢y~ TFact™
since any functor of categories preserves the trivial factorization system (— ).

In the case where C is equipped with a trivial factorization system, we obtain a stronger un/straightening
equivalence, which also encodes lax phenomena. To state this concisely, we use the formalism of decorated
2-categories [AHM?26, Sections 2.6-2.7].

Notation 5.12. A decorated 2-category C° consists of an underlying 2-category C as well as collections of
1- and 2-morphisms in C, either stable under composition and containing the invertible ones. A decorated
functor is a functor of 2-categories preserving the decorated 1- and 2-morphisms respectively.

For two decorated 2-categories C° and D°, we denote by Fun(°P)2X(C° D®)° the locally full subcategory
of Fun(®?)2X(C D) on the decorated functors C° — D° and those (op)lax natural transformations whose
(op)lax naturality squares at any decorated 1-morphism in C® are filled by a decorated 2-morphism in D°.
This category is decorated by those (op)lax natural transformations all of whose (op)lax naturality squares
are filled by a decorated 2-morphism in D° and those modifications all of whose 2-morphism components

are decorated in D°.

Definition 5.13. The 2-category Fact®® is upgraded to a decorated 2-category Fact®®® by regarding all 1-
morphisms as well as those 2-morphisms corresponding to natural transformations all of whose compo-
nents are egressive morphisms as decorated. This induces in particular a decoration Ambi®®'*(CT)* on
Ambi®'*™* (C1) for any category C' equipped with a factorization system.

The maximal subcategories on all the decorated 1- and 2-morphisms, which are thus wide and locally wide,
are denoted Fact®®8 resp. Ambic®°&14%(C1),

Remark 5.14. The 2-categories Fact® resp. Fact®®€ are both tensored over Cat, by (C, D) = C” x DT resp.
(¢, D) — Cf x DI,

Theorem 5.15. Let C be a category. Then there is a natural equivalence of decorated 2-categories
1 I °
Ambi®®(C*)° ~ Fun® (Cﬁ, Facteg’o) .

Remark 5.16. By Proposition 4.3, the objects of Ambi®®'®(C#)° are equivalently cocartesian fibrations & — C

in Cat together with a factorization system on £ in which every p-cocartesian morphism is egressive.

Proof. To this end, consider the lifting problem

., Fact®

pegl

C ¥ Ambi®!a(C*) - CH Cocart®™(C) —— Cat.

The second horizontal functor is curried from the un/straightening equivalence [HHLN23, Theorem E]. To
produce the dotted lift, we can use Theorem 3.27 as p®: Fact®® — Cat is locally fully faithful. Thus, we
need to specify lifts of the objects and verify a compatibility condition for 1-morphisms, which is sufficient

to check on a class of 1-morphisms that generates under composition. To do so, we recall the description
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of the Gray tensor product of Proposition 2.14. For an object ¢ € C and an ambifibration p: £ — C¥, the
horizontal composite maps ¢ X p — &, and we specify its lift as the factorization system &! obtained from
the factorization system £ by restriction (cf. Proposition 2.5).

For any morphism f: ¢ — d in C and ambifibration p: &7 — C¥, the horizontal composite maps f X p to
the cocartesian transport fx: £, — &4, which lifts to a functor f: &l Eg preserving egressive morphisms
by the argument of Theorem 4.7. For any object ¢ € C and functor a: £F — FT over C* preserving egressive
morphisms, the horizontal composite maps ¢ X « to the restricted functor a: gl — FiI, which clearly
preserves egressive morphisms. This produces the desired lift.

Then, currying back, we obtain the upper horizontal functor in the diagram

Ambi®®(C1) — Fun"* (C, Fact®®)

| | ®

Cocart™(C) —~— Fun'® (C, Cat).

eg
/C
full subcategories, hence it is locally fully faithful. The right vertical functor is locally fully faithful since

p°8: Fact®® — Cat is locally fully faithful (e.g. by [AGH24, Theorem 2.7.5]). By left cancellation, the top
horizontal functor is locally fully faithful. It is also essentially surjective by Proposition 4.6.

The left vertical functor is obtained by restricting the locally fully faithful functor Fact ., — Cat to

Furthermore, let F,G: C — Fact®® be two functors and «: F' = G a natural transformation. Then the
functor Un(«): Un(F') — Un(G) over C obtained by unstraightening the underlying natural transforma-
tion upgrades to a morphism in Fact®8 if and only if it maps every p-cocartesian morphism in Un(F’) to an
egressive morphism in Un(G) as it already preserves fiberwise egressive morphisms by construction. For a
p-cocartesian morphism f: z — p(f)s(x) in Un(F), the canonical map p(f):Un(a)(x) — Un(a)p(f)s(x) is
precisely the laxness constraint of « at f, so that Un(«)(f): Un(a)(z) — Un(a)p(f)s(x) is egressive if and
only this laxness constraint is egressive, by right cancellation.

In total, this implies that the upper horizontal functor in (4) is an equivalence onto the wide and locally full
subcategory of Fun'®(C, Fact®®) that underlies Fun'®* (C L3 Facteg’o) ¢ Itremains to verify that this equivalence
identifies the corresponding decorations, which is vacuous on 1-morphisms and a consequence of how the

un/straightening equivalence acts on modifications on 2-morphisms. O

Remark 5.17. There is, of course, a dual version Ambii“"’pl"‘x(Cb)<> ~ Fun®Plx (Cﬁ, Factimo)<> (note that one

marking changes and the other does not).
Corollary 5.18. Let C be a category. Then there is a natural equivalence of 2-categories
Ambi®(C*) ~ Fun(C, Fact®®).
Proof. This follows from Theorem 5.15 by pulling back to the (non-lax) un/straightening equivalence
Cocart(C) = Fun(C, Cat).

Indeed, Fun'®(C, Fact®) pulls back to Fun(C, Fact®) since the forgetful functor p°8: Fact®® — Cat is locally
fully faithful and thus conservative on 2-cells, and Ambi®®'#*(C?) pulls back to Ambi®(C?) by definition. [J

Corollary 5.19. Let C be a category. Then there is a natural equivalence of 2-categories
Ambi® 1% (CH) ~ Fun'®(C, Fact®®*8).

Proof. This follows from Theorem 5.15 by passing to the maximal subcategories on all the decorated 1- and
2-morphisms. ]
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Remark 5.20. The general paradigm is that any categorical un/straightening equivalence can be refined to
an un/straightening equivalence for factorization systems by using this fairly robust proof strategy. The
un/straightening equivalence for double categories [Jur25, Theorem B] is proven at the level of anima, but
it should be expected that this arises from an un/straightening equivalence at the level of double categories

itself. The above paradigm would then upgrade Theorem 5.10 to an equivalence of double categories
Ambi(CT) ~ Fun((CT)"~°P, Fact),

where Fun denotes the internal Hom in DCat and Ambi(C) is the double category such that:
e The objects are ambifibration p: £7 — C' in Fact.
e The horizontal resp. vertical morphisms are functors over C that preserve cocartesian egressive mor-
phisms and cartesian ingressive morphisms as well as arbitrary egressive resp. ingressive morphisms.

e The squares are appropriate oplax commutative squares over C.

We note that this prediction is consistent with Corollary 5.18. Indeed, we have ¢+(C*) = Cj, and (—);, ~
(=)= o (—)p, so that t(C*)?~°P ~ C} and

Hor(Ambi(C*)) ~ Ambi(C*) ~ Fun(C, Fact®®) ~ Fun(C, Hor(Fact)) ~ Hor(Fun(Cj,, Fact)).
6. MoNADICITY

In this section, we prove Theorem D that the forgetful functor p: Fact — Cat is monadic, extending a
result of Korostenski-Tholen [KT93, Theorem B]. This result has not yet appeared in the literature to our
knowledge, though it can be deduced in a roundabout fashion. Namely, Kositsyn [Kos21] exhibits a category
A, such that 'Segal objects'® AP
factorization system, and such that the forgetful functor is induced by a map t: A — APP . This can

— C are equivalent to ordinary Segal objects in C equipped with a

be used to check that the free-forgetful adjunction is monadic by an argument along the lines of [CH21,
Proposition 8.1], which then restricts to subcategories of complete objects. Instead, we will present a direct
proof based on an application of the Barr-Beck-Lurie monadicity theorem.

The following lemma appears to be folklore.
Lemma 6.1. Let f: Z — J be a coinitial functor and p: € — B a left fibration. Then the square

Fun(7,€&) —2— Fun(J, B)
_I
I [
Fun(Z, ) —— Fun(Z, B)
is cartesian.

Proof. This can be checked by applying the functors Map,,([n], —): Cat — An, which are jointly conserva-
tive and limit-preserving. Then, since f x [n]: Z x [n] — J X [n] is again coinitial, currying reduces this to

the underlying square of anima, which is cartesian by (the dual of) [Hau25, Theorem 6.5.13]. O
In the following, we treat split simplicial objects according to the notation of [Lur18, Subsection 10.1.6].

Lemma 6.2. Let Xo: A°° — An be a simplicial anima. Then:
(1) A pointing v € X¢ naturally determines a pointed simplicial anima (Xo,zs): A® — An, lifting X,.
(2) In the setting of (1), if Xe: A(_)f — An is an augmentation extending X,, this naturally lifts to an
augmentation (Xo,zs): AT — An,; extending (X,,x,). Here, X_1 is pointed by x_, = d*(x),
where d: [—1] — [0] is the unique map in A .

(Z)Though we stress that these are not Segal objects in the sense of an algebraic pattern [CH21].
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(3) In the setting of (2), if X  is split and x = s*(z') for some x' € X_1, where s: [0] — [—1] is the unique
g P q

extra degeneracy, then (X, ) is again split.

Proof. The claims (1) and (2) are consequences of Lemma 6.1, since {[0]}°? < A resp. A® — A% are

op
min

coinitial. To prove (3), pick a splitting A‘f — A — An of X, and consider the diagram

{[0]}P —— A% — An,

min, <1

AP — 5 A% — An,

min
The top right horizontal functor is induced by pointing X _; at 2/ and Xy at 2 := s*(2’). The indicated lifting

°p < A s coinitial (see below), so that the composite lift determines

problem admits a solution as A min

the augmented pointed simplicial anima (X, 7e) by uniqueness and is split by construction.
To verify coinitiality, we check Quillen’s Theorem A: for any [n]| € Apin, the relative slice category

Amin <1 XA, (Amm)[n] / is equivalent to the join {1,...,n} * Apin <1, hence weakly contractible. O

Proposition 6.3. Let Fy: Co — D, be a natural transformation of split simplicial objects in Cat that admits
a retraction and is levelwise fully faithful. Then the induced functor on colimits |F,|: |Ce| — |Ds| admits a
retraction and is fully faithful.

Proof. Extend F, to a natural transformations of augmented simplicial objects by taking colimits. These
augmented simplicial objects are split by assumption, in particular absolute colimits. We need to prove that
F_1: C_; — D_ isfully faithful, which can be checked by applying the functors Map,,([n], —): Cat — An,
which jointly detect fully faithfulness. Thus, we reduce to the case of (split) augmented simplicial anima.

In this case, we have to check that F_; induces an injection on 7y and bijections on m,, n > 1 for all
choices of basepoints. The claim about 7y is immediate since this is a map in Set that admits a retraction.
To verify the claim about 7, pick a basepoint y € C_; and set F_;(y) € D_q, so that (2) of Lemma 6.2
lifts Fo: Co — D, to a natural transformation of augmented pointed simplicial anima, which are again split
by (3) of Lemma 6.2. These are thus absolute colimits and preserved by the functors 71 : An,, — Grp resp.

Tp: An,, — Ab, n > 2, so the induced maps between them are again equivalences. ]

Remark 6.4. The retraction of F, was only needed to get injectivity on 7, but this additional assumption
is not redundant, e.g. given any non-constant split simplicial set X,, the counit map constyx, — X, is a

levelwise injection of split simplicial sets, but induces the non-injective map Xo —» X_; on colimits.

Proposition 6.5. There is an adjunction Ar(—)': Cat = Fact: p. Here, Ar(C) is equipped with the canonical
factorization system where the egressive morphisms are those projecting to equivalences on the source and the

ingressive morphisms are those projecting to equivalences on the target.

Proof ([HHLNZ23, Proposition 4.8]). The unit transformation n: C — Ar(C) is induced by pulling back along
f:

[1] — *. The counit transformation ¢: Ar(C)" — CT is given by the composite Ar(C) & Fun([2],C) &4 ¢,

which one checks to be a morphism in Fact. The triangle identities may then be verified by hand. 0

Theorem 6.6. The forgetful functor p: Fact — Cat is monadic.

Proof. The forgetful functor p: Fact — Cat is a right adjoint by Proposition 6.5 and conservative by Propo-
sition 2.3. To check the conditions of the monadicity theorem [Lur17, Theorem 4.7.3.5], it remains to prove
that any p-split simplicial object Cl: A — Fact admits a colimit in Fact that is preserved by p. To this end,
consider a splitting Co: A — A

min

— Cat of its image pCi.



22 THORGER GEIB

The natural transformation fact: Fun([1],Cs) < Fun([2],C,) of split simplicial objects given by the func-
torial egressive-ingressive factorizations is levelwise fully faithful and admits a retraction given by dJ, hence
Proposition 6.3 implies that the induced map on colimits fact: Fun([1],C_;) < Fun([2],C_1) is fully faithful
and admits a retraction given by dj. Furthermore, this fits into the diagram

Fun([1],Co) —*— Fun([2],Co)

Jd* d*

Fun([1],C_1) <2 Fun([2],C_1).

The vertical functors are essentially surjective (since they admit sections), so we obtain an induced factor-
ization system Cil whose egressive resp. ingressive morphisms are those equivalent to images of egressive
resp. ingressive morphisms under d*: Cy — C_j. Thus, we have lifted the augmented simplicial object
Ce: Aj_p — Cat through p: Fact — Cat and need to prove that this is also a colimit diagram in Fact. To this

end, let D' be a category equipped with a factorization system and consider the commutative square

MapFact (CT— 1 DT) — hm[n} €A MapFact (CJM DT)

/ l

MapCat (C*b D) —— hm[n}GA MapCat (Cﬂv D) .

The vertical maps are monomorphisms, so the upper horizontal map is a monomorphism by left cancellation
and it remains to prove that it is essentially surjective. This, however, follows since a functor f: C_; — D

preserves egressive resp. ingressive morphisms if and only if the composite fd*: Cy — C_1 — D preserves

egressive resp. ingressive morphisms by the preceding description of CT_l. O
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