Notes on Sites and Sheaves
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These notes are intended to serve as a quick (re-)collection on the co-categorical theory of sheaves of anima
on a site. They originated as background material for a talk I gave in the Kleine Topologie Seminar at the

University of Miinster in the Winter of 2025 [Gei25], but grew into their own thing.

Acknowledgements. I would like to thank Justin Carel for a helpful suggestion regarding Proposition 2.3,
Jiacheng Liang for helpful suggestions regarding Proposition 2.3 as well as Proposition 3.9, and Lucas Mann
for a helpful suggestion regarding Proposition 2.5.

This material is primarily based on parts of [Lur09, Section 6.2] and [Lurl8, Appendix A], as well as some
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1 Sheaves on a Site

Let C be a small co-category. A sieve on an object ¢ of C is a collection of maps in C with target ¢ that is stable
under precomposition with arbitrary maps (in particular, stable under homotopy). This can be interpreted either
as a full subcategory U,. C C,. satisfying this condition or as a monomorphism U < j (c) of presheaves!) on
C (for every object ¢’ of ¢, the sub-anima U (¢) < Mape (¢, ¢) consists of those components belonging to the
sieve). The trivial sieve on c is given by the identity id;(.). Furthermore, if f: d — c is any morphism in C,

then we may form the pullback
FU — j(d)

| Jin

U——j(c).

(D The Yoneda embedding will always be denoted by j: C < PSh (C).



The sieve f*U — j (d) (monomorphisms are stable under pullback in any co-category) consists precisely of all
those morphisms ¢: d’ — d such that f¢ belongs to U. These two perspectives on sieves are further related by

the following lemma.

Lemma 1.1. For C a small co-category, U — j(c) a sieve and U;, C C. the corresponding full subcategory,

there is a natural equivalence limgcyev,, F (d) = Mappgyc) (U, F) for any F € PSh(C).

Proof. This follows by mapping into F the canonical equivalence colimg_,¢)ctr e d (d) = U, which is an instance

of density since U/, is precisely the slice category of representables mapping to U. O

A Grothendieck topology T on a small co-category C is a collection of sieves called covering sieves on any
object ¢ that contain the trivial sieve, are stable under pullback in the above sense and satisfy the following
"locality' condition: for any sieve V' < j (¢) and covering sieve U < j (¢), if for any f: ¢/ — ¢ in U, the pullback
F*V < 5 () is a covering sieve, then V < j (¢) is a covering sieve.

Let (C,7) be an co-site, i.e. a pair consisting of a small co-category equipped with a Grothendieck topology.?)
A presheaf F: C? — An is called a sheaf (with respect to 7) if F (c) — lim(c)ev,, F (d) or equivalently
F (¢) = Mappgy(c) (J (¢), F) = Mappgn(c) (U, F) is an equivalence for any covering sieve U < j(c). The
full subcategory on sheaves is denoted Sh (C,7) C PSh (C). The first description implies that this subcategory
is stable under small limits and x-filtered colimits for a sufficiently large regular cardinal x since the sheaf
condition only involves limits of a bounded size. The second description implies that this inclusion is a Bousfield
localization [Lur09, Proposition 5.5.4.15], in particular admits a left adjoint (=)* : PSh (C) — Sh(C, 1) called
sheafification. It is possible to prove that sheafification is left-exact—either by using the plus construction as in

[Lur09, Proposition 6.2.2.7] or using modalities as in [Hoy26, Theorem 5.2]—and deduce the following.
Theorem 1.2. The co-category Sh (C,T) is an oco-topos. O

To describe Grothendieck topologies more efficiently, we define the notion of a Grothendieck pretopology
on a small oo-category C that admits pullbacks. This is a collection of families (U; — U),.; called covers on
any object U that contain equivalences (f: V — U), s.t. if (U; = U),; is a cover of U and f: V — U
is a morphism, then (U; xgy V' — V), ; is a cover of V and, if (U; — U),.; is a cover of U and furthermore
(Vij — Ui)jeJi is a cover of U; for all ¢ € I, then (V;; - U; — U)(i,j)el_JiE,Ji is a cover of U. The concepts of

covers and covering sieves are related by the following Lemma.

Lemma 1.3. Let C be a small co-category and i = (U; — U),; a small collection of morphisms in C. This
induces a (surjection™® ,mono)-factorization | |, j (U;) — ’C’ (W)| = j (U) in PSh(C) via the Cech nerve

in

O(ﬂ): [’/l]l—> H Uig Xy ... xy U;

10,0 5in €1

The monomorphism va'(il)| — j(U) describes the sieve generated by U and consists precisely of those mor-
phisms with target U that factor through one of the U; — U, i € I. O

()The Grothendieck topology will often be dropped in notation.
(3i.e. 0-connective in the corresponding oco-topos. These are called 'effective epimorphisms' in [Lur09], but that is terrible
terminology because they do not need to be epimorphisms.



Let C be a small co-category admitting pullbacks and p a Grothendieck pretopology on C. A presheaf
F:C% — An is called a sheaf (with respect to p) if, for any p-cover U = (U; — U) it is local w.r.t. the sieve

|IC ()] = 4 (U), ie.

i€l

 —
f(U) — HioeI‘T..(Ui ) 4% Hio,ileI‘F(UiO XU U“) 4“;

is a limit diagram in An. This is the homotopy-coherent analogue of the usual equalizer diagram describing the
sheaf condition for a cover. Now, any Grothendieck pretopology p on C induces a Grothendieck topology p on C
whose covering sieves are all those sieves that contain a sieve generated by a p-cover. In the converse direction,
a Grothendieck topology induces a Grothendieck pretopology whose covers are all those families of morphisms

that generate a covering sieve. The resulting theory of sheaves is the same by the next proposition.

Proposition 1.4. Let C be a small co-category that admits pullbacks and p a Grothendieck pretopology on C.
Then, a presheaf on C is a sheaf with respect to p if and only if it is a sheaf with respect to p.

Proof. Tt is clear that the sheaf condition with respect to p implies the sheaf condition with respect to p. In
the converse direction, assume that F is a sheaf with respect to p and let U < j (¢) be a sieve containing the
sieve generated by a p-cover 4. To show that F is local w.r.t. U < j (¢), it suffices to show that the diagram
(Uye) P & An, (¢ = ¢) = F(¢) is right Kan extended from its restriction to (IC (Ll)|/c)0p. This follows from
the assumption on F and the pointwise formula for Kan extension by the canonical identification of relative
slices (U).) C (il)|/C = |C’ (fu

forany f:d — cin U. O

1§ 7 Ure M ja

Ezample 1.5. Let X be a topological space and Open(X) be the poset of its open subsets. This is a category

that admits pullbacks, equipped with the Grothendieck topology given by open covers in the usual sense. Then,
a presheaf F: Open(X)°? — An is a sheaf with respect to this Grothendieck topology if and only if it satisfies

a) F(0) =~ x,
b) FUUV)~F(U) xrwnv) F(V) for all open U,V C X and
¢) F(U;er) =~ limier F(U;) for any directed poset I and diagram I — Open(X), i — Uj;.

In one direction, this is clear: a) is the sheaf condition for the empty cover of the empty open, b) is the sheaf
condition for the open cover 4 = (U, V) since ’C’(SJ.)| ~ j(U) Ujwnv) j(V), and c) is the sheaf condition for
the open cover U = (U;);er since |C’(il)| ~ colim;es j(U;). In the converse direction, let & = (U;);er be an
arbitrary open cover of U C X. Let P¢(I) denote the set of finite subsets of I and note that [, ;j(U;) ~
colim yep, (1) [[;c 7 7(Ui), which implies that ’C’(Ll)| =~ colimjep, (1) ’C’(L(|J)| using that Ps(I) is filtered and
filtered colimits commute with pullbacks in An. Thus, the monomorphism ‘C* ()] = j(U) factors as

C ()| ~ colim, 1C(W]))] — jcolim (g Ui) = j(U).

The assumption c¢) guarantees that F is local w.r.t. the latter morphism and thus, pulling out the colimit, we

may assume w.l.o.g. that 4 = (Uy,...,U,) is a finite cover. In the case n = 0, the sheaf condition for this cover



is a). In the case n = 1, the sheaf condition is tautological. In the case n = 2, the sheaf condition for this cover

is b) and, lastly, in the case n > 2, the sheaf condition reduces to the previous one by an induction.
For later use, we record a description of surjections in sheaf topoi.

Proposition 1.6. Let (C,7) be an oco-site. A map a: F — G in Sh(C, 1) is surjective if and only if, for any

U € C and morphism j (U) — G, there exists a cover (Us — U),.; and a commutative diagram

|_|i€Ij (Us) » F

.

jlU) —— G.
Proof. The O-truncated objects in Sh (C, 7) identify as
T<oSh (C,7) = Sh(C,7) N 7<oPSh (C) = Sh(C,7) NPSh (C;Set) = Sh ((C,7);Set) = Sh ((hC, T);Set) .

The Postnikov-truncation 7<¢: Sh(C,7) — Sh((hC,7);Set) is given by the pointwise 0-truncation of anima,
followed by sheafification. Thus, by [Lur09, Proposition 7.2.1.14], the map a: F — G is surjective if and only
if (<o) : (<o F)" = (TSOQ)# is an epimorphism and this is the case if and only if 7<pa: T<oF — 7<0G is

locally surjective, which unwinds to the given characterization. O

2 A Class of Convenient Sites

In this section, we introduce a particularly convenient class of sites.

Proposition 2.1 ([Lurl8, Propositions A.3.2.1, A.3.3.1 & A.5.7.2]). Let C be a small co-category that admits
pullbacks as well as finite coproducts that are universal and disjoint. Let S be a class of morphisms in C that

contains the equivalences, is closed under composition and stable under pullbacks as well as finite coproducts.
Then:

such that (L], U; — U) € S defines a Grothendieck pretopology

1. The collection of covers (U; = U),_; .,

on C.
2. A presheaf F: C°P — An is a sheaf with respect to this Grothendieck pretopology if and only if

o F preserves finite products and

. (C’ech descent) F takes Cech nerves of morphisms in S to limit diagrams in An, i.e.

; —
f(Y)%f(X)(:)}'(XxYX)%__“
fum—

is a limit diagram in An for any f: X — Y in S.



3. A sheaf F:C? — An is a hypersheaf ™) with respect to the Grothendieck pretopology if and only if it
more generally takes any semi-simplicial S-hypercover in C, i.e. an augmented semi-simplicial diagram
Xo — Y such that the n-th matching map

X, = M, (X) = lim(AmJ- ) )°P X5 (computed in Cy )

<n-—1
is in S for all n > 0, to a limit diagram in An.

Remark 2.2. In particular, the composite j(f)# : C — Sh(C) preserves finite coproducts. This allows us to
rephrase Proposition 1.6, namely «: F — G is surjective if and only if, for any U € C and map j (U )# — G,

there exists a morphism U’ — U in S and a commutative diagram

Junt o F
L)
iU ——g.

The composite j(f)# preserves pullbacks and S is stable under pullbacks, so in particular this implies that

7 (=)* takes any morphism in S to a surjection in Sh (C).

Proof. The claim 1. is straightforward. To prove 2., let F: C°? — An be a presheaf. In the case that F is a sheaf
with respect to this Grothendieck pretopology, it preserves finite products by applying the sheaf condition to the
cover (U; = |1, U;)

disjoint, and it satisfies Cech descent by applying the sheaf condition to a cover consisting of a single morphism

i—1._ . and noting that the resulting simplicial diagram is constant since coproducts are
in S. In the converse direction, assume that F preserves finite products and satisfies Cech descent. For any
cover (U; — U);er with I a finite set and f: [/, U; — U the corresponding morphism in S, we obtain a

commutative triangle

[T, 3(U:) I, Vi)

\ A (1)

i)

and hence a natural transformation C(8) = C(j(f)) of simplicial objects in PSh(C);vy, whose [n]-th compo-

irer JWig.in) — 31, Ui,...i,) and thus F is local w.r.t.

nent is the coproduct-comparison map [, i er Ui
,,,,, n

this map as it preserves finite products. rl:hé maps w.r.t. which F is local are closed under colimits, so we
obtain that F is local w.r.t. the geometric realization |C'(4)] — |C(j(f))|. Furthermore, F is local w.r.t.
|C(5(f))] = §(U) as this is precisely Cech descent w.r.t. f, so F is local w.r.t. to the composite |C(Ll)| — j(U)
(induced by (1)), as desired.

To prove 3., in one direction note that the functor j (7)# : C — Sh(C) takes semi-simplicial S-hypercovers
to semi-simplicial hypercovers in the sense of [Lurl8, Definition A.5.2.3] by the preceding remark, so that any

hypersheaf satisfies descent for these by [Lurl8, Corollary A.5.3.3]. In the converse direction, let F be a sheaf

(9j.e. a hypercomplete object in Sh c, ).



satisfying this condition. There is an co-connective map «: F — G, where G is a hypersheaf, by general theory.
It suffices to show that « is an equivalence, i.e. that F (X) — G (X) is an equivalence for all X € C. The
oo-topos An is hypercomplete, so it suffices to prove that F(X) — G (X) is co-connective for all X € C.
The hypotheses pass to diagonals, so by induction using [Lur(09, Proposition 6.5.1.18], it suffices to prove that
F(X) = G (X) is surjective for all X € C. To this end, let j (X)* — G be an arbitrary map and it is our goal

to construct a semi-simplicial S-hypercover X, — X in C and a commutative square
F—>—gG
J(Xo)# —— j(X)*
by induction over the skeleta (AZLZ)Oﬂ n > 0. The base case n = 0 is doable by Proposition 1.6. In the inductive
step, we obtain a diagram

n+1 —>
— A% 2y M, 1(constr)

g
JOa)# —— Mo (GOG)#) T J()* — JOO*.

.F «
—

O

Indeed, the (n + 1)-th matching object of the constant diagram at F is given by the powering F — F5" (in
Sh(C) g)®), which is equivalent to the (n + 1)-fold iterated diagonal of « by a straightforward induction. The
functor j (—)% preserves finite limits, so My41(j(Xe)#) ~ j(Myu41(Xs))# is representable. Thus, there is a
morphism X, 41 — Mp41(Xe) in S and the diagram can be completed in the lower left corner as indicated by
another application of Proposition 1.6 (A"« is surjective by [Lur09, Proposition 6.5.1.18]). This describes the
extension of X, over (AZZH)OP by [Lur09, Remark A.2.9.16]. Thus, the induction goes through and constructs
an element of F (X)) ~ l;mAin,j F (X,) lifting the given element in G (X) (up to equivalence). O

The presence of semi-simplicial rather than simplicial diagrams in the above may be considered a deficiency.

In fact, the argument can be adopted to simplicial hypercovers under a very mild additional assumption.

Proposition 2.3. In the setting of Proposition 2.1, assume additionally that S satisfies the property that
(f,idy): XUY =Y isin S for all f: X =Y. Then, a sheaf F: C°P — An is a hypersheaf with respect to the
Grothendieck pretopology if and only if it takes any S-hypercover in C, i.e. an augmented simplicial diagram
Xe — Y such that the n-th matching map

X, > M, (X) = lim(Amj

<n—1)/m])°P

X (computed in C,y )

is in S for allm > 0, to a limit diagram in An.

(5) This is because the (n+1)-th matching category (A?g)/[n+1] )°P is a poset isomorphic to the barycentric subdivision of OA™ 1,
hence has geometric realization S™. B



Proof. In one direction, note that the functor j (—)# : C = Sh(C) takes S-hypercovers to hypercovers in the
sense of [Lur09, Definition 6.5.3.2] as before, so that any hypersheaf satisfies descent for these by [Lur09, Lemma
6.5.3.11].

In the converse direction, let F be a sheaf satisfying this condition. There is an co-connective map a: F — G,
where G is a hypersheaf, by general theory. It suffices to show that « is an equivalence, i.e. that F (X) — G (X)
is an equivalence for all X € C. The oco-topos An is hypercomplete, so it suffices to prove that F (X) — G (X)
is oo-connective for all X € C. The hypotheses pass to diagonals, so by induction using [Lur09, Proposition
6.5.1.18], it suffices to prove that F (X) — G (X) is surjective for all X € C. To this end, let j (X)* — G be an

arbitrary map and it is our goal to construct an S-hypercover X, — X in C and a commutative square
F—=——g
J(X)# —— j(X)*

by induction over the skeleta A | n > 0. Furthermore, we will construct Z,, n > 0 in C such that X ol (asuriyor

is left Kan extended from {0,1,...} = C, k' Zy, i.e. Xy > ][5 Zr together with the obvious degeneracy

INGE P re—

maps. The base case n = 0 is doable by Proposition 1.6. In the inductive step, we obtain a diagram
F ——=— Mu+1(F) : F

g
HZni)# —— MunGX)#) L G(X)* — (0%,

[e3
—

where Z, 11 — Mp4+1(Xe) is a morphism in S by the same argument as in the previous proof. Inductively,

X.‘(Aiurj)op is left Kan extended from {0,...,n} — C, k — Zj, hence the latching diagram

(AZE Ly, = (AL = C

is left Kan extended from {[n + 1] — [k]|k < n} = C, ([n+ 1] — [k]) = Z1'®) and consequently the (n + 1)-th

latching object exists and is given by L;,41(Xs) =~ ]_[[7L+1]_»[k]7k<n Zy,. The factorization

Ln+1 (Xo) (W Zn+1

T

Ln+1 (Xo) Mn+1 (XO)

then describes the extension of X, over AZ | by [Lur09, Remark A.2.9.16]. Furthermore, the down-right map

<n+1
factors as

L7L+1(Xo) [ Zn+1 — Ln—i—l(Xo) U Mn+1(Xo) — Mn+1(Xo)~

The first morphism is in S by stability under finite coproducts and the second morphism is in S by our extra

(6)This can be justified e.g. by [Cis19, Theorem 6.4.13].



assumption, hence the composite is contained in S as well. This guarantees the S-hypercover condition. Lastly,
note that the latching object is preserved by j (—)# (as it is a finite coproduct), hence we obtain a commutative
diagram

constr

Ly, 41 (constr) M, 41 (constx)

Ln+1(j(X-)#) U j(Z'rH-l

that describes the extension of j(X¢)# — F over AZ, | (as well as morphism to j(X)# — G, though the

Ln+1(j(XO)

My (5(Xa)¥)

resulting diagram is 4-dimensional). Thus, the induction goes through and constructs an element of F (X) ~

lima F (X,) lifting the given element in G (X) (up to equivalence). O

Remark 2.4. T do not know whether simplicial hypercovers are sufficient to characterize hypersheaves in absence
of the extra assumption on S. A similar condition has also been developed in [Man22, Definition A.3.12.

Proposition A.3.16]. Furthermore, the extra condition on S is harmless, as the next proposition shows.

Proposition 2.5. In the setting of Proposition 2.1, let 8" := {g|3f: gf € S}. Then, S’ satisfies the assumptions
of Proposition 2.1 and a presheaf F: C°P — An is a (hyper-)sheaf with respect to the Grothendieck pretopology
induced by S if and only if it is a (hyper-)sheaf with respect to the Grothendieck pretopology induced by S’.

Remark 2.6. The collection S’ then clearly satisfies the additional assumption of Proposition 2.3, so we obtain
that a presheaf F: C°? — An is a hypersheaf with respect to the Grothendieck pretopology induced by S if and
only if it preserves finite products and maps any simplicial S’-hypercover in C to a limit diagram in An.

Proof. Tt is clear that S C S’ in particular S’ contains the equivalences. The stability of S’ under pullbacks and
finite coproducts is easily seen to be inherited from S. It remains to confirm that S is stable under composition:
to this end, let g, ¢’ € S’ be composable and pick f, f’ s.t. gf,¢'f’ € S and consider the diagram

’ ’
o oYy

J J
l lF lf
I g’ g
[ ) o,

Then G'F’ € S as it is pulled backed from ¢'f" € S and gf € S, hence (g¢')(FF') = (9f)(G'F’) € S and
gg' € S’. This establishes that S’ satisfies the hypotheses of Proposition 2.1.

Thus, a presheaf F: C°? — An is a sheaf with respect to the Grothendieck pretopology induced by S resp.
S’ if and only if it preserves finite products and takes Cech nerves of morphisms in S resp. S’ to limit diagrams
in An. However, since S resp. S’ are stable under pullbacks, the latter condition is the same as asking that
every morphism in S resp. S’ is 'of universal F-descent' in the sense of [L.7Z24, Definition 3.3.1], but these
conditions are then equivalent by [LZ24, Lemma 3.3.2(3)]. O



3 Sheaves and Slices

In this section, we explain how sheaves behave with respect to slices.

Lemma 3.1. Let L:C =% Cy: R be a left-exact localization of co-categories. This induces a left-exact local-
ization L':C;. 73 (Co)/re: R’ for any c € C. The class of morphisms inverted by L' is precisely the preimage
of the class of morphisms inverted by L under the projection C;. — C.

Proof. The map L': C;. — (Co) /L. is induced by L on slices, whereas the map R': (Co)/r. = C/re — Cjc is
induced by R on slices, followed by base-change along the unit map 7.: ¢ — Lc. This is easily checked to be
an adjunction (see e.g. [Lur09, Proposition 5.2.5.1]). For any object co — Lc in (Co) L., its image under R’ is

given by the upper horizontal map in the cartesian square in C

d—— ¢
J
[

co — Lec.

Since L is left-exact and inverts the right vertical map 7. as L 4 R is a localization, we deduce that the counit
map of L' 4 R’ is an equivalence, i.e. R is fully faithful and L' 4 R’ is a localization as well. Furthermore,

pullbacks in over-slices are computed underlying, hence L’ is again left-exact. O

Lemma 3.2. Let C be an oco-category, S a collection of morphisms in C and ¢ an object of C. Then, letting
m: Cse — C be the projection and S, = 7 1(S), an object (f:d — c) of Cy. is Syc-local if and only if f is
right-orthogonal to S in C.

Proof. Let (g: s — t) € S be arbitrary and consider the square

Mape (t, d) AN Mape (s, d)

lfo J{fo (2)

o

Mape (t,¢) —— Mapg (s, ¢) .

Then, f is right-orthogonal to g if and only if this square is cartesian if and only if the induced map on
vertical fibers is an equivalence for any basepoint (¢ — c¢), but this map is precisely the pre-composition

g°: Mapc/c (t,d) — Mapc/c (s,d) with the corresponding map g € S/, lying over g € S. O

Corollary 3.3. In the setting of Lemma 5.2, assume that c is an S-local object of C. Then, the S,.-local objects

in C,. are precisely the objects lying over S-local objects in C.

Proof. In this case, the lower horizontal map in the square (2) is an equivalence, hence the square is cartesian

if and only if the upper horizontal map is an equivalence. O

Proposition 3.4. Let (C,7) be an co-site and F € Sh(C,7). There is a canonical equivalence PSh (C,x) ~
PSh (C)/F, which restricts to a canonical equivalence Sh (C/}-,T’) ~ Sh (C, T)/]_-. Here, T’ is the Grothendieck
topology on C,x determined by the property that w: C;7 — C reflects covering sieves.



Proof. The Yoneda embedding C;» < PSh(C),» has a canonical extension PSh (C,7) =+ PSh (C) 7, which
is an equivalence by [Lur09, Corollary 5.1.6.12]. The adjunction (—)# - ¢ passes to slices (e.g. by Lemma 3.1),
hence Sh (C,7) , z is a left-exact localization of PSh (C) > ~ PSh (C,7). Furthermore, if Sy denotes the class of
covering sieves in PSh(C), then Corollary 3.3 implies that Sh(C, ), identifies with precisely the (So),r-local
objects of PSh(C),r and the collection (Sg),r consists of monomorphisms (since pullbacks in over-slices are
computed underlying), so this is a topological localization of PSh(C),» and thus identifies with Sh (C 17T )
for a uniquely determined Grothendieck topology 7/, by [Lur09, Proposition 6.2.2.17].

The projection PSh (C),» — PSh (C) is identified with the left Kan extension 74 : PSh (C,7) = PSh(C),
so the proof shows that a sieve U < j (s) in C, z is 7'-covering if and only if 74U < m4j (s) ~ j (ms) sheafifies to
an equivalence in Sh (C, 1), i.e. if and only if 74U < j (7s) is a T-covering sieve by [Lur09, Lemma 6.2.2.16]. O

~

Remark 3.5. Using the universal property of PSh, it is easy to check that the inverse equivalence PSh (C) JF
PSh (C/F) is given by mapping (G — F) — ((j (¢) = F) — MapPSh(C)/F (4 (e),9)).
Remark 3.6. The naturality here deserves careful attention as it can be a source of confusion. A map of

(pre-)sheaves a: F — G induces a functor oy: C;r — C/g and thus adjoint triples

Lang, (— )

(=) !

PSh (C/)  (a)°— PSh (Cyq), PSh(C),z +a"— PSh(C) q.
Rang, (—) Qs

These adjoint triples are identified under the given equivalence (this is immediate for the leftmost adjoint and

then extends by uniqueness). If a: F — G is a map of sheaves, these restrict to adjoint triples

Lana!(—) [e%}
Sh (C < (a)*— Sh (C/g), Sh (C —a*— Sh(C),;.
( /F) — ( /g) ( )/}' i ( )/g

Indeed, the right adjoint triple restricts because sheaves are closed under pullbacks and sheafification is left

exact, and it is a consequence that the left adjoint triple then also restricts and they are identified.

This discussion also can be extended to hypersheaves.
Proposition 3.7. Let X be an co-topos and X € X. Then, there is a canonical equivalence (X;x)" ~ (X") /xn.

Proof. The co-connective maps in & x are precisely the maps lying over oo-connective maps in X since the
projection X,y — X induces an equivalence on over-topoi, hence Lemma 3.1 implies that (X"),x~ is the

left-exact localization of X/ x at the oo-connective maps, i.e. the hypercompletion of X x. O

Corollary 3.8. Let (C,7) be an co-site and F € Sh(C, 7). Then, there is a canonical equivalence Shhyp(C/}-, 7' =~

Sh(C,T);L}#;yp, where ' is the Grothendieck topology of Proposition 3./. O

Finally, we record the generalization to the case where F is not assumed to be a sheaf. This is a more

technical matter, and we record it solely out of independent interest.
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Proposition 3.9. Let (C,7) be an oo-site and F € PSh(C). There is a canonical equivalence PSh (C;7) ~
PSh (C)/]_-, which restricts to a canonical equivalence Sh (C/}-, ’7'/) ~ Sh (C, T)/}-#, Here, 7' is the Grothendieck
topology on C,x determined by the property that w: C;7 — C reflects covering sieves.

Proof. The canonical equivalence PSh(C, r) = PSh(C), 5 is as in the proof of Proposition 3.4. The adjunction
(—)# - ¢ induces a left-exact localization PSh(C),r 7= Sh(C), 7+ by Lemma 3.1. Furthermore, if Sy denotes
the class of covering sieves in PSh(C), then Lemma 3.2 implies that the (So),r-local objects in PSh(C),r
are precisely the maps G — F that are right-orthogonal to Sy in PSh(C). This is equivalent to being right-
orthogonal to the saturated class generated by Sy. Now, since Sy is closed under base-change, this is the same
as the acyclic class generated by Sy by [ABFJ22, Proposition 3.2.18]. Since Sy consists of monomorphisms, this
is the same as the congruence generated by Sy by [ABFJ22, Proposition 4.2.12], but this is precisely the class of
morphisms inverted by (—)# (cf. [ABFJ22, Section 4.2.1]). This orthogonality is then equivalent, by [ABF.J22,
Proposition 3.1.10], to the square
G —— G*

|

F—— F#

begin cartesian. This in turn is equivalent to the unit map the above localization at G — F being an equivalence,
i.e. that G — F is contained in the essential of image of Sh(C),r#. Thus, we have identified Sh(C),z# as a
topological localization of PSh(C),» ~ PSh(C,#) at the class (Sp),» of monomorhisms. The rest of the proof
is identical to the proof of Proposition 3.4. O

Corollary 3.10. Let (C,7) be an co-site and F € PSh(C). There is a natural equivalence Shhyp(C/}-,T’) S
Sh(C,T)}/lEJ(Z;__#)hyP), where 7' is the Grothendieck topology of Proposition 3.9. O

4 The Convenient Sites are no Loss of Generality

Finally, we discuss how sheaves on any site that admits pullbacks can be understood in terms of the 'convenient

sites' of Proposition 2.1.

Proposition 4.1. For any small co-category C, let CY C PSh(C) denote the full subcategory on the finite
coproducts of representables. The Yoneda embedding factors as a fully faithful functor j: C — C" that exhibits
the target as the free finite coproduct-completion of C, i.e. CY admits finite coproducts and, for any co-category

D admitting finite coproducts, restriction induces an equivalences
4°: Fun" (C",D) = Fun (C, D),

where the domain is the full subcategory on all finite coproduct-preserving functors.
Proof. This is a special case of [Lur09, Proposition 5.3.6.2]. O

Lemma 4.2. For any small co-category C, the free finite coproduct-completion C* is finitary extensive.
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Proof. The oo-category PSh (C) is extensive and the full subcategory C- C PSh (C) stable under finite coprod-

ucts, so it suffices to note that it is also stable under pullbacks along finite coproduct injections in C. O

Lemma 4.3. For any small oco-category C that admits pullbacks, the free finite coproduct-completion CV also

admits pullbacks and the Yoneda embedding j: C — CY preserves them.

Proof. Tt suffices to observe that C* C PSh(C) is stable under pullbacks. This reduces, by universality of
coproducts in PSh (C), to pullbacks of cospans of the form j(¢') — U;erj(c;) < j(¢”), but such a pullback is

either the initial object ) or computed in C, so the claim follows. O

Proposition 4.4. For any small co-category C that admits pullbacks with a Grothendieck pretopology p whose
covers are all finite, the free finite coproduct-completion j: C — CY together with the collection S of morphisms
that are finite coproducts of morphisms of the form [1,.; j(Us) = j(U) for covers (U — U)i=1,...n in p satisfies
the hypotheses of Proposition 2.1. Furthermore, for the induced Grothendieck (pre-)topology T on CV, restriction
induces an equivalence

j°:Sh(C”,7) = Sh(C,p).

Proof. The preceding lemmas imply that CY admits pullbacks as well as finite coproducts that are universal
and disjoint. The collection S clearly contains the equivalences and is stable under finite coproducts. The
universality of finite coproducts in CY and the fact that j preserves pullbacks reduce the stability of S under
pullbacks and composition to the corresponding properties of p in C. To verify the last claim, consider the
diagram

Sh(CY,7) C Fun'(CY°?,An) C Fun (C'—' ©P An)

Sh (C, p) - Fun (C"p An).

The indicated equivalence holds by the universal property of the free finite coproduct-completion. Thus, it
remains, by Proposition 2.1, to prove that a finite product-preserving functor F: C*»°? — An takes Cech nerves
of morphisms in S to limit diagrams in An if and only if Fj: C°? — An is a p-sheaf. To this end, note that
universality and disjointness of finite coproducts imply that taking Cech nerves commutes with finite coproducts,
so finite product-preservation reduces the former condition to those morphisms in S of the form [[,.; j(U;) — U
for a p-cover (U; — U)ier, but F takes the Cech nerve of this morphism to a limit diagram if and only if Fj
satisfies the sheaf condition for that cover, because C- < PSh (C) preserves finite coproducts and pullbacks. [

Remark 4.5. This entire discussion could be repeated with the word 'finite' replaced by 'k-small' throughout,
for any regular cardinal k. In particular, the result could then be applied to any small oco-site that admits

pullbacks by picking a large enough regular cardinal «.
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